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ABSTRACT: A new theory of strain birefringence of amorphous networks is presented. The theory is based
on the constrained chain model of rubberlike elasticity recently developed by Erman and Monnerie. The
quantitative treatment is molecular in nature and uses two adjustable parameters in order to fully describe
the dependence of birefringence on deformation. The constrained chain theory and the birefringence of phantom
networks are briefly reviewed with emphasis on the points relevant to strain birefringence. The contribution
of the topological constraints to birefringence is developed, as well as the dependence of birefringence on
stress. Illustrative calculations document the results for an unswollen tetrafunctional network prepared in
bulk. Final comments include remarks on the connection of the adjustable parameters of the theory to molecular

characteristics.

Introduction

The molecular origins of rubberlike elasticity suggest
that the thoroughly studied models of phantom and affine
networks constitute only an approximation to real
networks.! Consequently, the various models developed
to quantitatively describe the behavior of amorphous
networks have concentrated on the role of interchain
interactions on the elastic free energy of the network.!2

Carefully designed experimental methods are therefore
needed to provide the framework for a systematic
evaluation of all the theories of rubberlike elasticity put
forth. Strain-birefringence methods have been used to
properly characterize the stress—optical behavior of cross-
linked model and random polymers,3-5 to test the various
postulates of rubberlike elasticity,® and, finally, to confirm
the predictions of the rotational isomeric state theory.”

The premises of the strain-birefringence theory are based
on the pioneering work of Kuhn and Griin,® Volkenstein,?
Treloar,'? and Flory.!! Until recently, simple molecular
models have been used to develop the theory for
amorphous polymer networks. The advancement of the
new rubberlike elasticity models has, however, necessitated
the introduction of the new concepts to the theories
governing strain birefringence. The development of the
constrained junction theory has therefore led to a model
of strain birefringence that takes into account the effect
of the topological constraints present in the network.8

The newly developed modification of the constrained
junction theory, termed the constrained chain theory,!4
is a major departure from the older theory since it
introduces the effects of the constraints not only on the
junctions but also along the contour of the network chain.
This paper presents a theory of strain birefringence based
on the concepts introduced in the constrained chain theory.
It represents an effort to understand the relationship of
birefringence to stress for deformed networks as well as
an effort to quantitatively predict the values of the stress—
optical coefficient.

The first section reviews the relevant points of the
constrained junction and constrained chain theories and
describes the use of the adjustable parameters introduced
in these models. Next, the birefringence behavior of phan-
tom networks is outlined, since this type of network forms
the basis for the description of the behavior of real
networks. The influence of topological constraints on bi-
refringence is examined in the third section, where
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equations for the contribution of the constraints and their
domains are developed. The combination of phantom
network theory with constraint theory is described in the
section establishing the birefringence of real networks.
Finally, the development of equations that describe the
relationship of birefringence to stress is presented.
Numerical calculations depict representative results for
a tetrafunctional network prepared in the bulk.
Concluding remarks focus on the role of the parameters
introduced in the model and the ramifications of their use.

Review of the Rubberlike Elasticity Theory for
Real Networks

In this section we give a concise description of the
relevant points of the constrained junction and the
constrained chain theories. The two theories represent
departures from the simpler models of the phantom and
the affine networks, by realistically incorporating the effect
of topological constraints in the calculation of the elastic
free energy of the network. We focus on the concepts
relevant to the development of the strain-birefringence
theory discussed in the following sections. A number of
excellent references are available for a more detailed
introduction to the subject (refs 1 and 2 and references
therein).

The constrained junction theory first developed by
Flory!? and subsequently by Erman and Flory!3 has
emerged as a most successful effort to describe the
molecular origins of rubberlike elasticity. The theory
considers the action of the topological constraints and its
effect on the derived mechanical properties of the network.
The model demonstrates quantitative agreement with data
from uniaxial elongation!? and swelling experiments.13 The
two adjustable parameters governing the behavior of the
model are « and {. « is defined as!213

_ ((AR)*),
o = LAk 2
((As)%),

where ((AR)?)¢ represents the mean-squared fluctuations
of junctions in the phantom network (reference state).
{(As)2), denotes the mean-squared fluctuations of junctions
from their mean positions in the reference state under the
action of constraints only.

For a phantom network « = 0, since there are no
restrictions in the fluctuations and therefore to the values

6y
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of the quantity ({As)2)o. In the case of the affine network
on the other hand, the constraints are infinitely strong,
{(As)?)o = 0 and « reaches infinity.

Introduction of the second parameter, ¢, allows
quantitative predictions of experimental data. The
presence of this parameter was directed by the fact that
the moduli of the network samples decrease much faster
than that predicted when only one parameter (x) is used.!?
This decrease is observed when the samples are elongated
or swelled by a diluent. The connection of parameter {
to molecular characteristics is not established.

As the name of the theory implies, the multifunc-
tional cross-linking sites (junctions) are the only parts of
the network chains where the constraints have an explicit
effect. Restrictions of the fluctuations along the chains
are assumed to be contained in the junction constraints.
It has been noted though that chain—chain interactions may
be important.!2

Recently, Erman and Monnerie presented an elegant
extension to the constrained junction theory.!'* The new
treatment, referred to as the constrained chain model, takes
into account the restriction of chain movements along the
chain contour. The theory focuses on the instantaneous
distribution of the centers of mass of the chains instead
of those of the junctions.

Briefly, the theory is based on the assertion, first made
by Flory,'? that only entanglements that are affected by
deformation contribute to the modulus of the network.
Increasing elongation is assumed to diminish the
entanglements and so does swelling. The incorporation
of strain-dependent entanglements modifies the
instantaneous distribution of the centers of mass of the
chains when these are compared to their corresponding
locations in the phantom network. In their treatment, Er-
man and Monnerie divide the network chain into a number
of (Gaussian) subchains and consider the action of the
topological constraints on the end points of these sub-
chains.

The elastic free energy due to the constraints is
calculated as being equal to!*

vkT
AA, = «—Z—Z[Bt +D,-In(1+B)-In(1+D)]  (2)
t

where v is the number of network chains, k is the Boltz-
mann constant, and T is the temperature in degrees Kelvin.
The quantities B, and D, are given by

ROV

= 3

D+ ROYE ®)
_MB

= ho 4)

where A;s are the components of the macroscopic
deformation tensor and the function h(},) is given by
= kg
1+ (Z2-1
The parameter «g is the only adjustable parameter of
the constrained chain model, provided the cycle rank, £,

of the network is already known. The quantity & is given
by two alternative formulations:

®=[1~(2/0)]%/3 (6)

®=[1-(2/¢)" (7

Equation 6 holds for sufficiently long network chains
only. ¢ is the junction functionality (¢ = 3). The two

h(\) (5)
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expressions describe two different approaches to the
treatment of the fluctuations of the end points of the sub-
chains. Equation 6 developed by Kloczkowski, Erman, and
Mark!518€ is obtained when the fluctuations of the end
points of the subchains are dependent on macroscopic
deformation; the fluctuations of the junctions, however,
are invariant to strain. Equation 7 developed
independently by Pearson!? and Ullman!®19 is obtained
when the fluctuations of the end points of the subchains
are independent of macroscopic deformation.

According to the theory the elastic free energy of the
network is obtained by4

1
AAel = EEkTZ[ ()\tz - 1) + (g)[Bt o Dt -In(1+ Bt) -
t

In(1+ Dt)]] (8)

It should be noted that eq 8 reduces to the elastic free
energy of the phantom network when «g is equal to zero.
On the other hand, when k¢ approaches infinitely large
values, the elastic free energy reduces to a value that is
greater than that of the affine network. This is in contrast
with results obtained by the constrained junction theory,
where the affine network is the upper limit for the elastic
free energy values.12:13

Birefringence of Phantom Networks

In this section we describe the theory of birefringence
for phantom networks. The presented treatment follows
closely the conventions and notation of refs 1 and 6 for
reasons of brevity and consistency.

Consider the instantaneous end-to-end distance r for the
ith network chain at equilibrium and at fixed strain. For
a perfect phantom network the birefringence induced
because of a deformation is defined as!

= () ()2 - 2522]

A;s are the components of the molecular deformation ten-
sor, which is given by!

AZ=[1-Q/a\+ 2/ t=x,y2 (10)

where A;s are the components of the macroscopic
deformation tensor.

The quantity T'; is defined as

9 < (rTar),
=—9» ——— (11)
L5

The summation is over all the units forming the chain. &;
is the anisotropic part of the polarizability tensor for the
unit with index i. rT is the transpose vector of the end-
to-end vector r, and the subscript “0” signifies that the
average is over all configurations of the free chain. It is
assumed that the polarizability tensor for the chain with
a given configuration is obtained as the sum of the po-
larizability tensors of the groups forming the chain.%11

The connection between the polarizability tensor and
the parameter I's is given by®

[a _ (Olyy + au)] -7 xz__ [(y?+ 22)/2]
xx 2 r 2 (r2>0

and (r?), is the mean-squared end-to-end distance of a free
chain. ay., ayy, and o, are the x, y, and z components
of the tensor a; for the chain averaged over all

(12)
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configurations. The subscript r on the left side of eq 12
signifies that the averaging is for the chain with fixed ends.

Combining eqs 9 and 10, we obtain for the birefrin-
gence of a phantom network

2 2
Angy, = (%)ch[ A2 - QL;Q‘—)] (13)

Focusing on the birefringence along the two principal axes,
x and y, we obtain

o 2} [ (n? + 2)°T,
An,, = (27—‘”,) (1 - ;) [———n——](x,} -\ (14)

For the development of eq 13 we have used the expression
for the quantity C, the stress—optical coefficient, which is
given by®11

_ 2x (n®+2)*

C=3%T n (15)
and n is the mean refractive index of the network. The
stress—-optical coefficient is the proportionality constant
between the birefringence An,, and the difference between
the true stresses along the same axes:

C=an,/(r,- 1) (16)

Contribution of Topological Constraints to the
Birefringence

The contribution of the topological constraints on the
molecular deformation tensor is®

Af =(2/¢)B, t=x,y,2 a7

The contribution due to the constraints to the birefrin-
gence as a result of the molecular deformation is then given

by®

Ay, = 0/ VIRTC(A, 2 - A, D) (18)
Substituting eq 17 in eq 18, we obtain
An'yy . = (2/e)(v/VIRTC(B, - B,) (19)

Equation 19 expresses the effect of the deformation of
network chain vectors on birefringence.

There is, however, one more type of contribution
necessary to consider.® As a result of the alteration of the
dimensions of the network chains because of the applied
strain, one should also expect the ends of the Gaussian sub-
chains to move correspondingly. Assuming that these ends
and their corresponding domains behave like elastically
coupled elements, movements of the ends should induce
a response from the domains. This mutual interaction
contributes to the free energy of the system and therefore
to the stress.

The fact that the system chain end/domain reacts to
the applied macroscopic strain makes reasonable the
assertion that the resulting orientation contributes to the
birefringence. This orientation is in addition to the
orientation resulting from the relocation and distortion of
the domains due to the distortion of the environment
surrounding them and whose contribution is incorporated
in eqs 18 and 19.

We characterize the reaction of the domain to the action
of the subchain end as being given by the ratio®

((Bse)*)),
((As)?),

where the average is over all subchain ends. ({As;)?)
represents the components, along the principal axes of the

(20)
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strain, of the tensor of second moments of the fluctuations
of the “free” subchain ends. The characterization of the
constraints within the domains by this tensor was first put
forth by Flory and Erman.? The subscript “A.” denotes
that the domain deforms due to the applied strain. The
quantity ((As«)2) characterizes the actual moments of the
subchain ends displacement.

The ratio given in expression 20 has been previously
identified? with the inverse ratio of two parameters from
the constrained junction theory. The parameters are (a)
the Gaussian distribution of the components As, for
hypothetical “free” junctions, denoted by o), and (b) the
distribution for junctions in the real network, denoted by
ox\. Corresponding parameters appear in the constrained
chain theory.!* Subsequently we have that

((As. )2>

= 1)
((As)%),, 9=

According to the theory the ratio ¢,/ o=\ is given by!4
U)\/Ut)\ = 1 + Dt (22)

Given that parameter D, is related to parameter B, through
eq 4, we obtain through substitution into eq 22

U)‘/O'n)‘ =1+ Atth[h(At)]_l (23)
Substitution of eq 23 into eq 20 yields
((Asy))
—— =1+ \B O] 24)
((Asc) ))‘,

Comparison of eq 24 with the corresponding relation for
the constrained junction theory reveals that the function
g: has now been replaced by the term A.2[R(\;)]™2. The
function g, is given as!213

8= N+ - 1) (25)

Assuming that the orientation of chains due to the
relocation of the subchain ends within their domains of
constraint is similar to the orientation of the chain vectors
described earlier, we have

an”,,. = b/ VIETC\B,[h(A™ = NJB,IROV)T™) (26)

where v is the number of chains.

Parameter b requires special attention. Its introduction
has no direct molecular connection. It is used, however,
as a recognition of the difficulty to accurately describe the
reactions of the constraints and the subsequent
contribution to the birefringence. The values of b should
lie within the range [0,1].%

The linear combination of eqs 19 and 26 yields the total
contribution to the birefringence arising from the
topological constraints. We specifically have
Ang,. = (2/0)(w/VIRTC(B, - B)) +

bly/ VIRTC(\2B,[h(A\)] ™" - )\ysz[h(Ay)]'l) 27

Simple algebraic manipulations yield

ane= ()70 (g7 [ (e -3 +
b(\ZBA(A)™ - A, 2BR(A)™) ] (28)
where the relation

£=v/[1-(2/¢)] (29)

was used in eq 28.
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Birefringence of Real Networks

The total birefringence for a real network is the linear
combination of the contributions resulting from the
phantom network and the contributions arising from the
constraints.® The ratio of the birefringence due to
constraints to the birefringence of the phantom network
therefore is

T = ((2/¢)(B, - B,) + bINBAN) -

An,)h
) L) (i) o0
1-@2a)/ \\2- 2}

where eqs 13 and 28 have been employed. The total bi-
refringence will then finally be given by

Anj,y,C
= An,yph[ m] (31)

A2B,h(N) M) (

Dependence of Birefringence on Stress
The matrix of the stress tensor is given by!2
T = 2M[8AA, /ONTNINT/V (32)

The eigenvalues of the matrix 7 result in the principal
components of the stress, and these are

7, = 2[0AA,, /NN V (33)
The derivative of the elastic free energy is equal to4
d0A, 1 Vepg -1 ' -1
Y 5ngh +{IBB(L+ B + DDA+ DH)| (34

where the derivatives B and D are

: oB - _
B===B| \-1)"-2[A+ AN
o [( Y- 20+ RV

_hO)EN® ] (35
KG(AZ +h(V)?)
and
éD A2 MB
TN B[W Kf w89
By defining the function K(\2) as!4
K(\Y) = BB +— Db (37)
1+B 1+D
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the equation for the stress becomes
v = ikV_Txf[ L+EKO) ] (38)

The difference between the components of the stress along
the principal axes x and y is then given by
T,TTy = §kT [ (A, L

A+ (FKOD - KO |

(39)

We now proceed to calculate the ratio of birefringence
to stress. By using eqgs 31 and 39, we obtain

Anx.Y:( ) 2 _ 2 [ [ ZB
— O =02 (B~ B)) + b 75 -

h(x)”{ (502 - A9 + LKD) - RO
(40)

Ilustrative Calculations

This section presents an application of the developed
theory to uniaxial extensions. A typical strain birefrin-
gence experiment involves uniaxial extension of a network
sample in either the swollen or unswollen state.
Application of eq 30 to this type of experimental setup

yields
A2B)
o (
b[ h(\)

A
nc = tg(BH—
©
ﬁf_? ( 1 )
(ho\) l]} 1-2¢) NE-A? ] (41)

Anph
where the subscripts “||” and “ L. ” denote directions parallel
and perpendicular to the axis of the applied strain.
Figure 1 gives representative results for an unswollen
tetrafunctional network prepared in the bulk. The ratio
Ang/Angy is plotted against reciprocal elongation for three
values of the parameter xg: 1, 5, and 20. The contribution
of constraints has been included to its maximum extent
and as a result it is seen that for the highest value of «g
the ratio An./Anpy approaches unity. The curves have a
sigmoidal shape, and they approach zero values as the
inverse elongation values approach zero. Equation 6 has
been used to specify the value of parameter &.

Conclusion

The strain birefringence theory presented here is based
on a realistic model of rubberlike elasticity. The most
important aspect of the theory is its molecular nature. This
allows us to have a clear picture of the changes affecting
birefringence.

Admittedly there are certain points that need further
work in order to fully understand the connection of certain
parameters (e.g., parameter b) to molecular characteristics.
Clarification of the molecular mechanisms that affect the
compliance of the domains of constraints to the movement
of the subchain ends and junctions is also required.
Alternative formulations to account for this mechanism
may be needed. Contributions to orientation from local
intermolecular correlations that are observed in birefrin-
gence experiments are not included in this model. Work
along those lines will be invaluable.

It is needless to point out that no theory is valid unless
experimental verification is in hand. Work to accomplish
this is already in progress on suitable polymer networks.
Detailed comparisons to other theories as well as a closer
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inspection of the implications and assumptions of the
theory developed here are also forthcoming. Finally, work
to document the effect of swelling on birefringence using
the model developed in this paper will be reported in an
upcoming paper.
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ABSTRACT: The statistical mechanical theory developed herein predicts the effects of associative polymer,
random walk chains with adhesive end groups, on the interaction between parallel plates at full and restricted
equilibrium conditions. The Derjaguin approximation and Barker-Henderson perturbation theory then
determine interparticle potentials and macroscopic thermodynamic variables, respectively, with the compositions
of coexisting phases following from classical thermodynamic criteria for equilibrium in one-component systems.
Weakly or nonassociative polymers induce depletion attractions that result in reversible phase transitions.
Increasing the strength of the adhesion to the plates diminishes the range and strength of the attraction, so
higher polymer concentrations are needed to induce flocculation. Sufficient adsorption to the plates may
cause a repulsive barrier that stabilizes dispersions against depletion flocculation at full equilibrium. Strong
adsorption, however, results in a bridging attraction that grows with polymer concentration until the surface
is saturated and then diminishes with additional polymer. This leads to flocculation at low polymer
concentrations and restabilization at a higher value that depends on the solvent quality. The interactions
at restricted equilibrium mimic the long-range features of the full equilibrium potentials but contain an additional

repulsive core.

Introduction

The role of polymers in dispersion stability and phase
behavior has been a topic of interest for a number of years.
Conventional systems contain homopolymers that induce
phase separations via either of two mechanisms, depending
on the polymer’s affinity for the particle surface. It is well
established both experimentally'~¢ and theoretically?-5-7
that nonadsorbing polymer causes a volume restriction
attraction and reversible phase transitions. With adsorb-
ing homopolymers the precise mechanism for bridging
flocculation remains unclear, with the most obvious
explanations relying on kinetic rather than purely
equilibrium effects.®

Our interests center on the phase behavior induced by
the addition of hydrophobically modified water-soluble
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polymers to stable colloidal dispersions. These polymers
consist of nonadsorbing water-soluble chains with grafted
hydrocarbon arms (10-20 carbons long), comprising 1-2
wt % of the molecule. In aqueous solvents, the hydro-
phobes associate intra- and intermolecularly and adsorb
reversibly onto the surface of hydrophobic particles.? Hy-
drophobically modified polymers comprise the state of the
art for thickeners in the coatings industry, but their
commercial use is limited by a poor understanding of their
effects on the equilibrium properties of dispersions, due
to the specificity of the hydrophobe adsorption. The work
presented here applies not only to these new paint
thickeners but also to specialty polymers employed in
enhanced oil recovery and biomedical applications.
Traditionally, aqueous coatings included nonadsorb-
ing high molecular weight polymers such as (hydroxyethyl)-
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